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Abstract
This paper considers the small-signal stability of electrical networks composed dominantly of three-phase grid-following
inverters. We identify a suitable time-scale decomposition for the inverter dynamics and, using singular perturbation theory,
we obtain an analytic sufficient condition for the small-signal stability of the network. In contrast to the alternative of
performing an eigenvalue analysis of the full-order network dynamics, our analytic sufficient condition has the benefit of
reducing computational complexity and yielding insights on the role of network topology and constitution as well as inverter
filter and control parameters on small-signal stability. Our numerical analysis for an inverter network with radial topology
validates the approach and illustrates the efficiency of our analytic conditions for designing/monitoring grid-tied inverter
networks.
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1 Introduction
Problem description and motivation The ongo-
ing shift from fossil-fuel-driven synchronous generators
to power-electronics-interfaced renewable energy is lead-
ing to changes in how power grids are modeled, an-
alyzed, and controlled. While synchronous generators
are generally rated at several hundreds of MVA and in-
stalled on the transmission backbone, power electron-
ics inverters are distributed across both transmission
and distribution subsystems and are generally much
smaller in capacity. Moreover, synchronous generators
have large rotating masses that absorb supply-demand
? This paper was not presented at any IFAC meeting. This
work was supported in part by the U.S. Department of En-
ergy (DOE) Solar Energy Technologies Office under Con-
tract No. DE-EE0000-1583 and the National Science Foun-
dation under award ECCS-1453921. Corresponding author
S. Jafarpour. Tel. +1 805-893-5169
Email addresses:
saber.jafarpour@engineering.ucsb.edu (Saber
Jafarpour), purba002@umn.edu (Victor Purba),
sdhople@umn.edu (Sairaj V. Dhople), brianbj@uw.edu
(Brian Johnson), bullo@engineering.ucsb.edu
(Francesco Bullo).
fluctuations and limit frequency excursions during tran-
sients, whereas inverters typically have very different
dynamics—attributable dominantly to their digital con-
trollers [44]—and they possess no moving parts. In sum-
mary, future grids will have a highly distributed archi-
tecture as inverters assume a more prominent role, and
this will concomitantly necessitate the development of
compatible models and analysis approaches to ensure
stability and reliability.
Broadly speaking, there are two main modes of control
for the inverters in power networks. The first is grid-
forming mode, in which terminal voltages of the invert-
ers are regulated with the understanding that the invert-
ers dictate the voltage magnitude and frequency in the
network. Prior works in the literature on grid-forming
controls include design of distributed PI controllers for
secondary frequency control and power sharing in induc-
tive networks with radial topology [38,39] and meshed
topology [36], stability analysis using the virtual oscil-
lator model [9,40], model-order reduction using singular
perturbations [22], and designing controllers for a paral-
lel network of identical grid-forming inverters using pas-
sivity [41]. The second mode of control for inverters is
grid-following. In grid-following mode, inverters inject
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currents while synchronized to the voltage at their termi-
nals which is assumed to be set externally, i.e., they act as
voltage-following current sources. Essentially, grid-tied
inverters are typically grid-following in nature, while in-
verters installed in islanded microgrid settings are typi-
cally grid-forming. In both cases, the underlying control
architecture for inverters consists of several inner- and
outer-feedback loops [19]. Several aspects of stability of
grid-tied networks of inverters have been studied in the
literature [13,20,21]. The fault analysis for networks of
grid-following inverters in the distribution grid is stud-
ied in [25]. In [27], a suitable filter and controller design
for network of grid-following inverters is proposed. The
paper [29] introduce a suitable scaling method for anal-
ysis and design of networks of grid-following inverters.
In [32], model-order reduction and small-signal stability
of networks of grid-following inverters is studied.
Renewable energy resources such as solar and wind con-
stitute a considerable portion of electricity generation
in the US power grid, and it is expected that they will
be the fastest-growing source of electricity generation
for at least several years [1]. With synchronous gener-
ators presumably continuing to form the mainstay of
electricity generation infrastructure for some time to
come, there will be a dramatic increase in the penetra-
tion of inverters into the power grid. For instance, in
Oahu, Hawaii, nearly 800,000 micro-inverters connected
to photovoltaic panels have recently been added to the
grid, producing as much power as the state’s largest
conventional power plant, Konkar [11]. While the grid-
forming inverters are being more and more widespread
because of their role in frequency and voltage regulations
in the power network, most of the inverters in distributed
generation networks still works in the grid-following
mode [33,37]. Inverters in the gird-following mode should
be perfectly synchronized with the AC voltage at the
connection point, in order to regulate accurately the ac-
tive and reactive power exchanged with the grid [33].
One of the technologies which has extensively been used
to synchronize grid-connected power converters with the
grid voltage is the phase-locked loop [33,17,35,23].
The inverter dynamical model that we examine is pro-
totypical and similar to the inverter structures used in
the literature. For instance in [25,26,27,28,29,31,32,42],
an inverter consists of a current controller, a voltage
controller, a power controller, a PLL, and an LCL fil-
ter is studied. In the grid-following mode, the current
controller of the inverter is active. In the grid-forming
mode, however, the voltage controller is active applying
the frequency and voltage droop controls. Most of the
prior results on stability of inverter-based systems have
typically focused on simplified models that neglect inner
control loops, which underpin fast dynamics [37] (see the
discussions in [6]). Some exceptions are [2,45], where sta-
bility of full-order inverter models have been studied in
parallel grid-connected networks. However, these stud-
ies are restricted to the parallel networks of inverters
and are not applicable to networks with general topolo-
gies. In some cases, detailed inverter models have been
considered in general networks, but the system stability
has only been studied for small networks using numeri-
cal eigenvalue analysis. For instance, small-signal stabil-
ity is analyzed in the literature using eigenvalue analy-
sis for IEEE 37 bus system with 7 inverters in [31,32],
for a radial network consists of 3 inverters in [26], and
for a single-machine-single-inverter network in [18]. Un-
derstandably, while numerical eigenvalue analysis of the
linearized network is indeed a reasonable strategy, this
approach comes with significant drawbacks. First, the
large size of the network combined with the high di-
mensionality of the inverter model are likely to emerge
as a major computational bottleneck in system analy-
sis. Furthermore, studying small-signal stability by nu-
merically computing the trajectories of the system does
not reveal the role of critical network attributes on sys-
tem stability, insights, which if formalized can facilitate
analysis and design of microgrids. Addressing the limita-
tions of the previous efforts above, we propose a frame-
work that leverages singular perturbation methods to
obtain an analytic, computationally light-weighted con-
dition for small-signal stability of three-phase distribu-
tion networks. Our solution strategy yields an analytic
condition for stability that is agnostic to system size and
clearly brings out the role of the network topology and
pertinent system parameters.
Finally, on a tangential note, it must be acknowledged
that there is a wide body of work on stability assessment
of synchronous generator and grid-forming inverter sys-
tems, and this includes approaches that have applied
model-order reduction using singular perturbation anal-
ysis. For instance, in [7,12], a model-reduction approach
based on singular perturbation is proposed to study sta-
bility and control of grid-forming inverters. In [22], sin-
gular perturbation is applied to obtain a hierarchy of
reduced-order models for inverters in the grid-forming
mode. In [32], a suitable time-scale decomposition for a
class of inverters is identified and an iterative scheme for
model order reduction is proposed. We refer the inter-
ested readers to [34] for a survey on singular perturba-
tion methods and to [37] for a survey on application of
singular perturbation in stability and control of invert-
ers.
Contribution We make several contributions to the
study of small-signal stability of grid-following inverter
networks. First, we show that adopting a static model
for inverters (where they are assumed to be fixed sources
of active and reactive power) and neglecting fast dynam-
ics induced by the inverter controllers, may lead to erro-
neous conclusions regarding network stability. This un-
derscores the importance of acknowledging a full-order
model for stability analysis of large networks. In this pa-
per, we consider a full-order dynamic model for the grid-
2
tied inverter network which consists of a 13-dimensional
dynamics for each inverter and a 2-dimensional dynam-
ics for each line in the network. Next, we uncover a
correspondence between the equilibrium points of the
inverter-network dynamics and the solutions of the al-
gebraic power-flow equations. As the main contribution
of this paper, we then find an analytic sufficient con-
dition for small-signal stability. We start by present-
ing a dimensionless transcription of the inverter net-
work dynamics which leads to the identification of a
physically meaningful parametrization of the inverters.
We show that reasonable assumptions on the parame-
ter space will result in a time-scale decomposition of the
system. Using singular perturbation analysis, we pro-
pose an analytic sufficient condition which guarantees
small-signal stability over a given parametric regime. As
a unique contribution, we emphasize that the dimen-
sionless form of the network equations as well as the reg-
ularity of the singular perturbation problem (i.e., exis-
tence of isolated quasi-steady state manifolds) are criti-
cal steps in a rigorous time-scale analysis. Over this spec-
ified parametric regime, our analytic sufficient condition
can also be interpreted as a lower bound on the stability
threshold of the network and allows us to check system
stability with minimal computational complexity. Our
analytically-driven sufficient condition for small-signal
stability in this setting clearly demarcates the role of the
network (topology and constitution) and pertinent in-
verter dynamics (filter and controller parameters). Fur-
thermore, it addresses the high dimensionality and time-
dependence of the underlying dynamics (e.g., the in-
verter model we study has 13 dynamical states and the
grid frequency is time-varying) which renders traditional
numerical approaches to be unwieldy. Numerical sim-
ulations are used to substantiate our results for an il-
lustrative network. Finally, we compare the small-signal
stability analysis in this paper with existing approaches
in literature. In power network literature, when the grid
frequency is constant, small-signal stability of systems
is usually studied using eigenvalue analysis for the full-
order model (e.g., see [26]) or for the reduced-order mod-
els (e.g., see the survey [37]). Comparing to the eigen-
value analysis for the full-order system, our sufficient
condition not only reduces the computational complex-
ity of the analysis but also provides insights about the
role of network variables in small-signal stability. More-
over, while most of the existing approaches in the liter-
ature only provide frameworks or iterative schemes for
model-reduction (see [32]), our analysis provides an ex-
plicit reduced-order model and an analytic sufficient con-
dition for small-signal stability of the system. In the spe-
cial case of resistive networks with purely active power
injections, this sufficient condition provides a scalable
and computationally efficient method to check the small-
signal stability of the system.
Paper organization In Section 2, we present the dy-
namical model for a class of three-phase grid-following
inverters. In Section 3, we derive an equivalent dimen-
sionless description for a grid-tied network of inverters
and loads and we study the equilibrium points of the sys-
tem. In Section 4, we introduce a physically meaningful
parametrization of the inverters and provide a sufficient
condition for existence of a locally exponentially stable
equilibrium point for a grid-tied network of inverters.
Finally, in Section 5, we illustrate some applications of
the theoretical results in network design and stability
assessment.
Notation
Vectors and matrices We denote the set of real
numbers by R, the set of complex numbers by C, the
set of complex numbers with negative real part by C−,
the set of binary n-tuples by Zn2 , and the n-dimensional
torus by Tn. We define i =
√−1. We identify the com-
plex plane C with the real plane R2. For a complex num-
ber v = v1 + iv2 ∈ C, the norm of v is |v| =
√
v21 + v
2
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and the argument of v, arg(v), is the angle between v
and the positive imaginary axis. We denote the identity
matrix of dimension n by In, the n-column vector of ze-
ros with 0n, and the n-column vector of ones with 1n.
For a matrix A = {aij} ∈ Cn×m, we denote ∞-norm
of A by ‖A‖∞ = maxi
∑n
j=1 |aij |. For a matrix A, with
real eigenvalues, we denote the maximum and minimum
eigenvalues of A by λmax(A) and λmin(A), respectively.
A real symmetric matrix A is positive definite if all its
eigenvalues are positive. For two real symmetric matri-
ces A,B ∈ Rn×n we write A  B if A − B is positive
definite. A real square matrix A ∈ Rn×n is Metzler if all
its off-diagonal entries are non-negative. For two square
matrices A ∈ Rn×n and B ∈ Rm×m, the tensor product
of A and B is denoted by A ⊗ B. For a vector x ∈ Cn,
we denote diag(x) by [x].
From n-complex variables to 2n-real variables
While it is more conventional to describe the power flow
equations in polar form, in this paper we focus on the
Cartesian form of these equations. The reason is that
the polar form of the power flow equations contains com-
plex conjugation, which if appears in differential equa-
tion models can cause some regularity issues. In this sec-
tion, we restrict our treatment to vectors and operators
on the complex plane C and the real plane R2. These
structures can be extended to the n-dimensional com-
plex and real spaces using block diagonal matrices. For
every complex Z = X+iY ∈ C, the associated real vari-
able in the real plane is denoted by z = (x, y)> ∈ R2. We
define the matrix J ∈ R2×2 by J =
(
0 −1
1 0
)
, the matrix
3
H ∈ R2×2 by H =
(
0 1
1 0
)
, the rotation matrix by the
angle θ ∈ S1 by R(θ) =
(
cos(θ) sin(θ)
− sin(θ) cos(θ)
)
. Let u ∈ R2.
We define two matrix-valued operators D : R2 → R2×2
and D′ : R2 → R2×2 by
D(u) =
(
u1 u2
u2 −u1
)
, D′(u) =
(
u1 u2
−u2 u1
)
.
Using D and D′, for given voltage v and current i, one
can represent the apparent power as s = D(v)i = D′(i)v.
Let V ∈ Cn and v ∈ R2n be the associated real vector,
then we define ‖v‖C,∞ = ‖V‖∞.
Algebraic graph theory We denote an undirected
weighted graph by a triple G = (N , E , A), where N =
{1, 2, . . . , n} is the set of nodes and E ⊆ N ×N is the set
of edges. The matrix A = {aij} ∈ Rn×n is the weighted
adjacency matrix. For every node i ∈ V ,the degree of the
node i is given by di =
∑n
j=1 aij . For a fixed orientation
on G, the incidence matrix of the graph G is denoted by
B ∈ Rn×m. The Laplacian for the graph G is defined by
L = D −A, where D = diag(d1, d2, . . . , dn).
Power systems For a grid-tied network of inverters,
one can define two different rotary frames. The first
frame, which is usually referred as the global DQ-frame,
is the rotating frame which rotates with the grid’s nom-
inal frequency ωnom. The second frame, which is usu-
ally referred as the local dq-frame, is attached to each
individual inverter’s terminal voltage vector. A three-
phase AC signal is a mapping x : R≥0 → R3. A
three-phase signal x : R≥0 → R3 is called balanced if
x = A[sin(δ), sin(δ − 2pi3 ), sin(δ + 2pi3 )]>. For a balanced
three-phase quantity x, we denote the dq-frame repre-
sentation of x by xdq = (xd, xq)
> and the DQ-frame rep-
resentation of x by xDQ = (xD, xQ)
>. These two repre-
sentation are related as follows: xdq = R(δ)xDQ, where
δ is the angle between the dq-frame and the DQ-frame.
We assume that all the electrical quantities in the net-
work are balanced [3, Chapter 2]. Therefore, the voltage
of the grid is a three-phase AC signal given by the time-
varying function vg(t) = [vga(t), vgb(t), vgc(t)]
> and in
the global DQ-frame has the following representation:
vgDQ(t) = Vg[sin(θg(t)), cos(θg(t))]
>,
where Vg is the amplitude of the grid voltage, θg(t) is the
phase angle between the grid voltage and the DQ-frame.
2 Model of a decoupled inverter
In this section, we briefly overview the dynamics of the
class of grid-following 3-phase inverters examined in this
work. For a detailed description of the model, we refer
interested readers to [29,31]. The model captures all rel-
evant AC-side dynamics, and is composed of a: i) phase-
locked loop (PLL), ii) power controller, iii) current con-
troller, and iv) LC output filter. An illustrative block
diagram is given in Fig. 1. The PLL consists of a low-
pass filter with cut-off frequency ωc,PLL and a PI con-
troller with PI gains kpPLL and kiPLL. The dynamics of
the PLL are given by
v˙PLL = ωc,PLL(vod − vPLL), (1a)
φ˙PLL = −vPLL, (1b)
δ˙ = −kpPLLvPLL + kiPLLφPLL, (1c)
where vPLL and φPLL denote states of the low-pass fil-
ter and PI controller, respectively, δ˙ is the output of the
PI controller, and vod is the d-component of the output
voltage of the inverter. The frequency of the PLL loop
is defined by ωPLL = ωnom + δ˙, where ωnom is the nomi-
nal frequency of the grid. The power controller consists
of two low-pass filters with cut-off frequency ωs and two
PI controllers with gains kps and kis. The pertinent dy-
namics are given by:
s˙avg = ωs(s− savg), (2a)
i˜ldq = kpsH(s
ref − savg) + kis
∫
H(sref − savg)dt, (2b)
where savg = [pavg, qavg]
> collects the states of the low-
pass filters, i˜ldq capture the outputs of the PI controllers
(these are the references for the current controller),
sref = (pref , qref)> collects the active- and reactive-
power reference set points, and s = (p, q)> is the vector
collecting instantaneous active- and reactive-power out-
puts (measured at the point of common coupling):
s =
3
2
D(vodq)iodq =
3
2
(
vodiod + voqioq
voqiod − vodioq
)
.
The current controller consists of two PI controllers with
gains kpc and kic, with outputs to be the references for
the inverter voltage at the switching terminals vidq:
v˜idq = kpc
(˜
ildq − ildq
)
+ kic
∫ (˜
ildq − ildq
)
dt
+ ωPLLLf(Jildq).
(3)
Since the switching period is typically much shorter than
the filter and controller time constants, we assume that
4
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Fig. 1. Block diagram capturing the dynamics of a three phase grid-tied inverter and shorthand illustrative representation
for the per-phase equivalent circuit. Model includes dynamics from the phase locked loop (1), power controller (2), current
controller (3), and LC filter (4).
vidq = v˜idq. The dynamics of the LC filter are given by
i˙ldq =
1
Lf
(vidq − vodq)− ωPLL(Jildq), (4a)
v˙odq =
1
Cf
(ildq − iodq)− ωPLL(Jvodq). (4b)
Finally, we introduce two new variables
φs :=
∫
(sref − savg)dt, γdq :=
∫
(˜ildq − ildq)dt,
that will aid in subsequent developments. The inner- and
outer-loop control architecture examined here is ubiq-
uitous, see, e.g., [25,26,27,28,29,31,32,42], where similar
models are utilized.
So far, we presented the governing dynamics for each
component of a grid-following inverter in the local dq-
frame. Since the goal of this paper is to study an inter-
connected network of inverters, we write the dynamical
system of the inverters in the global DQ-frame. To this
end, we introduce the DQ-variables:
γDQ = R(−δ)γdq, ilDQ = R(−δ)ildq, voDQ = R(−δ)vodq.
For every vector y with time-varying entries, the time
derivatives in the global DQ-frame and local dq-frame
are related by
y˙DQ − JR(−δ)δ˙yDQ = R(−δ)y˙dq.
Leveraging this identity, we can write the dynamical
model for the grid-following inverter described previ-
ously in the global DQ-frame as below:
y˙ = f(y) + g(y)ioDQ + Cs
ref , (5)
where y = (vPLL, δ, φs, savg, γDQ, ilDQ, voDQ)
> ∈ R13
captures states of the inverter in the global DQ refer-
ence frame, sref = (pref , qref)> ∈ R2 captures the refer-
ences for active and reactive power, f : R13 → R13 is the
drift vector field, and g : R13 → R13×2, and C ∈ R13×2
are control vector fields. The mappings f, g and matrix
C follow from the dynamics governing the current con-
troller, the power controller, the PLL, and the LC filter
outlined previously.
3 Grid-tied Network of Inverters
In this section, we derive the dynamical system model
governing the grid-tied network of inverters and loads
and study the equilibrium points of the system. We
model the network using an undirected, connected,
complex-weighted graph G with node set (buses) N ,
edge set (branches) E ⊆ N × N , and the symmet-
ric matrix-valued edge weights (admittances) akj =
ajk = (RkjI2 + ωgLkjJ)
−1, for every (k, j) ∈ E . Sup-
pose B is the incidence matrix of G. Associated to
the matrix-weighted graph, G, we define the nodal
admittance matrix by Y = (B ⊗ I2)A(B ⊗ I2)> ∈
R2|N |×2|N |, where A ∈ R2|E|×2|E| is given by A =
blkd(ajk). There are three types of nodes in the net-
work: we have one grid bus with time-varying volt-
age vgDQ(t) = Vg[sin(θg(t)), cos(θg(t))]
> denoted by
0. The time-varying frequency of the grid is given by
ωg(t) = θ˙g(t) + ωnom. The time-varying nature of the
grid frequency is due to the changes in the bulk power
grid generations as well as the disturbances in the sys-
tem. We have n ≥ 1 inverter buses collected in the set
NI, and m load buses collected in the set NL. Without
loss of generality, we assume that NL = {1, . . . , l} and
NI = {l + 1, . . . , n + l} such that N = {0} ∪ NL ∪ NI.
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The partition N = {0} ∪NL ∪NI induces the following
decomposition of the incidence matrix B:
B> =
(
B>0 B
>
L B
>
I
)
where B0 ∈ R|E|, BL ∈ R|E|×|NL|, and BI ∈ R|E|×|NI|.
The partition N = {0} ∪ NL ∪ NI also induces the fol-
lowing partition for the admittance matrix Y :
Y =
[
Y00 Y0L Y0I
YL0 YLL YLI
YI0 YIL YII
]
.
The complex power injection (demand) at inverter k ∈
NI (load k ∈ NL) is denoted sk = pk + iqk ∈ C. We
also establish the following convention: for a given vari-
able (parameter) y corresponding to the inverter, we de-
fine vector y = (y1, . . . , yn)
>, where yk is the associated
variable (parameter) for the kth inverter.
Inverter model. Using (5), the governing dynamics
for all inverters in the network are given by:
y˙ = F (y) +G(y)ioDQ + Cs
ref , (6)
where, in y = (y1, . . . , yn)
> ∈ R13n, yk cap-
tures all the dynamic states for the kth in-
verter, F (y) = (f>1 (y1), . . . , f
>
n (yn))
>, G(y) =
diag (g1(y1), . . . , gn(yn)), and C = diag (C1, . . . , Cn),
where fk is the drift vector field and gk and Ck are con-
trol vector fields of inverter k.
Load and line models. Let vk be the kth load volt-
age and ik be the current demand of the kth load.
We collect the nodal voltages of the loads in vector
vL = (vn+1, . . . , vn+m)
> and the current demands of the
loads in vector iL = (in+1, . . . , in+m)
>. In this paper, we
consider the constant impedance model for loads. Sup-
pose that RL ∈ Rm is the vector of resistances of the
loads. We will assume that the load characteristics are
such that they can be modeled with the dynamics ig-
nored, i.e., in steady state. Then the loads can be de-
scribed by
vL =
(− [RL]⊗ I2)iL. (7)
Suppose that the vector of line resistances and line in-
ductances are denoted by RE ∈ R|E| and LE ∈ R|E|,
respectively and we denote the nodal current injec-
tions by i = (ig,−iL, ioDQ)> and nodal voltages by
v = (vgDQ,vL,voDQ)
>. Then the governing dynamics
for the transmission lines are [37, Equation 4.10]:
([LE ]⊗ I2)ξ˙DQ =
(− [RE ]⊗ I2 − ωnom[LE ]⊗ J)ξDQ
+ (B> ⊗ I2)v, (8)
where ξDQ ∈ R2|E| is the vector of current flows in the
lines. Then we have i = (B ⊗ I2)ξDQ.
3.1 Model for the Dynamical System of Grid-tied Net-
work of Inverters
Combining (6), (7), and (8), the grid-tied inverter-
network dynamics are:
y˙ = F (y) +G(y)(BI ⊗ I2)ξDQ + Csref ,
([LE ]⊗ I2)ξ˙DQ =
(− [RE ]⊗ I2 − ωnom[LE ]⊗ J)ξDQ
+ (B> ⊗ I2)v, (9)
where v = (vgDQ,vL,voDQ)
> and vL =
( − BL[RL] ⊗
I2
)
ξDQ.
Dimensionless transcription. In this section, we
transcribe the differential equations (9) in a dimension-
less format. We assume that snom is the nominal power
generations/consumptions in the network. For each in-
verter, we introduce the following dimensionless vari-
ables:
v̂PLL :=
vPLL
Vg
, φ̂PLL :=
kiPLL
VgkpPLL
φPLL, ŝavg :=
savg
snom
,
φ̂s :=
Vgkisφs
snom
, ŝref :=
sref
snom
, γ̂DQ :=
kicγDQ
Vg
,
îlDQ :=
VgilDQ
snom
.
For the network, we introduce the dimensionless param-
eters
ξ̂DQ := Vgs
−1
nomξDQ, v̂ := V
−1
g v, î := Vgs
−1
nomi.
For each inverter, we also isolate different time-constants
of different system components as follows:
(i) The time constants corresponding to the low pass
filter of the PLLs are τPLL = ω
−1
c,PLL and τ
′
PLL =
(VgkpPLL)
−1;
(ii) The integral time of the PI controller in the PLL is
TPLL =
kpPLL
kiPLL
;
(iii) The time constant corresponding to the low-pass
filter of the power controller is τs = ω
−1
s ;
(iv) The time constant for steady-state tracking in the
power controller is τ ′s = (Vgkis)
−1;
(v) The integral time of the PI controller in the power
controller is Ts =
kps
kis
;
(vi) The time-constant for the current controller is τc =
V 2g (kicsnom)
−1;
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(vii) The integral time of the PI controller in the current
controller is Tc =
kpc
kic
;
(viii) The time constants for the LC filter are τLC =
Lf√
ω−2nomC
−2
f
+ω2nomL
2
f
and τ ′LC =
Cf√
ω2nomC
2
f
+ω−2nomL
−2
f
and τ ′′LC = Cfωnoms
−1
nomV
2
g .
For each line e ∈ E in the network, we isolate
two time constants τe =
Le√
R2e+ω
2
nomL
2
e
and τ ′e =
snomV
−2
g
√
R2e + ω
2
nomL
2
e.
Then, the dimensionless grid-tied inverter-network dy-
namics are:
˙̂vPLL = [τPLL]
−1(v̂od − v̂PLL), (10a)
˙̂
φPLL = −[TPLL]−1v̂PLL, (10b)
δ˙ = [τ ′PLL]
−1
(
φ̂PLL − v̂PLL
)
, (10c)
˙̂savg = [τ s ⊗ I2]−1(ŝ− ŝavg), (10d)
˙̂
φs = [τ
′
s ⊗ I2]−1(ŝref − ŝavg), (10e)
˙̂γDQ = [τ c ⊗ I2]−1
(˜
ilDQ − îlDQ
)
+ J[δ˙]γ̂DQ, (10f)
˙̂
ilDQ = ([τLC]
−1[X ]⊗ I2) (v̂lDQ − v̂oDQ) + J[δ˙]̂ilDQ, (10g)
˙̂voDQ = ([τ
′
LC][X ]⊗ I2)−1
(̂
ilDQ − îoDQ
− [τ ′′LC ⊗ I2]Jv̂oDQ
)
, (10h)
˙̂
ξDQ =
(
[τ E ][τ ′E ]⊗ I2
)−1(
(B> ⊗ I2)v̂ −Z ξ̂DQ
)
. (10i)
where
i˜lDQ = [Ts ⊗ I2]R(−δ)H ˙̂φs + R(−δ)Hφ̂s,
v̂lDQ = [Tc ⊗ I2] ˙̂γDQ + γ̂DQ,
î = (B ⊗ I2)ξ̂DQ,
Z = [ωnomLE ]−1[RE ]⊗ I2 + (Im ⊗ J),
X = s−1nomV 2g [ω−2nomC−2f + ω2nomL2f ]
1
2 ,
v̂ = (v̂gDQ, v̂L, v̂oDQ)
>.
Note that the dimensionless grid-tied inverter network
dynamics (10a)–(10i) is (13n+2|E|)-dimensional. More-
over, the inverter dynamics in equations (10a)–(10h) are
time-invariant while the line dynamics in equations (10i)
are time-varying due to the time dependency of the fre-
quency ωg(t) in the voltage vector v̂gDQ. Our first goal
is to find the reference trajectories of the dynamical sys-
tems (10a)–(10i).
3.2 Reference trajectories of the Dimensionless Grid-
tied Inverter-network Dynamics
We start by introducing some notations. Let Y ∈
R(2n+2) be the admittance matrix of the network. Then
Yred := YII − YIL
(
YLL + [RL]
−1 ⊗ I2
)−1
YLI,
YC,red := Yred + ωnom ([Cf]⊗ J) ,
Yg := YI0 − YIL
(
YLL + [RL]
−1 ⊗ I2
)−1
YL0,
w := −Y −1red Y0gvgDQ(t),
(11)
and the dimensionless parameters:
Ŷ(·) := V 2g s
−1
nomY(·), ŵ := −Vgs−1nomw,
ZL = Z +
(
[ωnomLE ]−1B>L [RL]BL
)⊗ I2,
We show that the reference trajectories of the dimen-
sionless grid-tied inverter network dynamics (10) are in
correspondence with the solutions of the following time-
varying power-flow equations:
3
2D(v̂oDQ)̂ioDQ = ŝ
ref , (12)
îoDQ = Ŷredv̂oDQ + Ŷgv̂gDQ(t). (13)
Lemma 1 For a given reference-power injection ŝref to
the inverters, the following statements are equivalent:
(i) (v̂refoDQ, î
ref
oDQ)
> ∈ R4n is a solution for the time-
varying power-flow equations (12) and (13);
(ii) for every α = (α1, . . . , αn)
> ∈ Zn2 , the x̂refα is
a reference trajectory of the dimensionless grid-
tied inverter-network dynamics (10), where x̂refα ∈
R13n+2|E| is given by
x̂refα =
(02n, δ
ref + αpi, (−1)αφ̂refs , ŝref , γ̂refDQ, îreflDQ, v̂refoDQ, ξ̂refDQ)>
with
δref = −arg(v̂refoDQ),
îreflDQ = [τ
′′
LC ⊗ I2]Jv̂refoDQ + îrefoDQ,
φ̂
ref
s = HR(δ
ref )̂ireflDQ,
γ̂refDQ = v̂
ref
oDQ,
ξ̂refDQ = Z−1L
(
(B>I ⊗ I2)v̂refoDQ + (B>0 ⊗ I2)v̂gDQ(t)
)
.
PROOF. Regarding (ii) =⇒ (i), from the power-
controllers’ dynamics in (10), it is easy to see that if x̂refα
is a reference trajectory, then we have ŝ = ŝref . This
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implies that (v̂refoDQ, î
ref
oDQ)
> satisfies (12). Moreover, at
the reference trajectory x̂refα , the line dynamics (10i) will
simplify to îref = Ŷ v̂ref . Using the Kron reduction [10],
this implies that (v̂refoDQ, î
ref
oDQ)
> satisfies (13).
Regarding (i) =⇒ (ii), suppose that (v̂refoDQ, îrefoDQ)> is a
solution to the time-varying power flow equations (12)
and (13). Then from the PLL dynamics in (10), we have
v̂PLL = 0n and v̂od = 0n. Note that, v̂od = 0n can be
written in the trigonometric form
vk,refoD cos(δ
k,ref) + vk,refoQ sin(δ
k,ref) = 0.
This implies that, for every k ∈ {1, . . . , n}, there exists
αk ∈ Z2 such that δk,ref = −arg(vk,refoDQ ) +αkpi. From the
power-controller dynamics in (10), we have ŝavg = ŝ
ref .
Finally, one can find the value of φ̂
ref
s , î
ref
lDQ, γ̂
ref
DQ, and
ξ̂refDQ by solving the remaining equations in (10). 
Remark 2 (i) The power-flow equations (12)
and (13) have been studied extensively in the liter-
ature and many sufficient conditions for existence
and uniqueness of solutions have been developed;
see, e.g., [4,8,43]. Lemma 15 in Appendix C re-
states a result from [43] pertaining to uniqueness
that is leveraged in subsequent results.
(ii) If the frequency of the grid is constant and equal
to the nominal grid frequency (i.e., ωg(t) = ωnom),
then the reference trajectory of the dimension-
less grid-tied inverter-network dynamics (10) is an
equilibrium point and is denoted by x̂nomα .
4 Stability Analysis of the Dimensionless Grid-
tied Inverter-network Dynamics
In bulk power-systems dynamics literature, it is com-
monplace to assume that the dynamics of the grid-
following inverters are much faster than the dynamics of
grid-forming inverters and synchronous machines [37].
This assumption justifies the use of a static model for
grid-following inverters such that the inverter nodes are
considered to be sources of constant (active and reac-
tive) power. Subsequently, the network operation is de-
scribed by the following power-flow equations:
02 = ŝ
ref − 32D(v̂oDQ)̂ioDQ. (14)
Quite obviously, the static representation (14) does not
capture any notion of stability. The following exam-
ple shows that the internal dynamics of the inverters
can induce instabilities, even if the power-flow equations
in (14) admit a solution.
Example 3 (Instabilities Induced by Inverter
Dynamics) Consider the radial grid-connected network
consisting of 25 identical inverters (a sketch is provided
in Fig. 2). Suppose the inverters have uniform reference
power injections pref = p125, each line has the resis-
tance R = 10−2 Ω and inductance L = 10−5 H, and the
grid voltage is vgDQ = [0, 120
√
2]> V(peak) with con-
stant frequency ωg = 60 Hz.
(i) Static model for inverters: One can surmise
that if the inverter power injections satisfy
p̂
∥∥∥Ŷ −1red ∥∥∥C,∞ ≤ 38 , (15)
then, there exists a unique high-voltage, low-
current solution for the power-flow equations (14)
(see Lemma 15).
(ii) Dynamic model for inverters: We use the dy-
namic model (5) for the inverters (parameters of
the inverters are given in the fourth column of Ta-
ble A.2). Then, the governing equations for the
network are the ones in (10), and condition (15)
in Lemma 1 guarantees the existence of a fam-
ily of equilibrium points x̂nom0 . Linearizing the sys-
tem (10), we study local stability of the equilibrium
point x̂nom0 .
Figure 3 plots the maximum real part of the eigenval-
ues of the linearized system (10) around the equilib-
rium point x̂nom0 as a function of active-power injec-
tion. The red vertical line is the threshold of the power
injection for which the power-flow equations admit a
unique solution (obtained from (15)). Notice that there
are power injections for which a solution of the power-
flow equations exists, however, the corresponding equi-
librium point x̂nom0 is not stable.
Having established the importance of acknowledging in-
verter dynamics in stability assessment, we now proceed
to outline the main result of this paper.
4.1 Small-signal stability via time-scale separation
In this section, we focus on the small-signal stability
of the dimensionless grid-tied inverter-network dynam-
ics (10). Due to high-dimensionality and nonlinearity
of the dynamic model, studying small-signal stability is
not analytically tractable. Therefore, it is a reasonable
pref
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Fig. 2. A radial network composed of n inverters connected
to the grid bus.
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2000
<latexit sha1_base64="92Zs16oKT d6JsjiXtJKxw8AX0sc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp5Itgh4 LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHc WIy/vdLW9s7uXnm/cnB4dHxSPT3rmjjVlHVoLGLdD4lhgivWsdwK1k80IzIUr BfO7nK/98S04bF6tPOEBZJMFI84JTaXmhjjUbWGG3gJtEn8gtSgQHtU/RqOY 5pKpiwVxJiBjxMbZERbTgVbVIapYQmhMzJhA0cVkcwE2fLWBbpyyhhFsXalLF qqvycyIo2Zy9B1SmKnZt3Lxf+8QWqj2yDjKkktU3S1KEoFsjHKH0djrhm1Yu4 IoZq7WxGdEk2odfFUXAj++subpNts+LjhP1zXWvUijjJcwCXUwYcbaME9tKE DFKbwDK/w5knvxXv3PlatJa+YOYc/8D5/AL52jUo=</latexit><latexit sha1_base64="92Zs16oKT d6JsjiXtJKxw8AX0sc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp5Itgh4 LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHc WIy/vdLW9s7uXnm/cnB4dHxSPT3rmjjVlHVoLGLdD4lhgivWsdwK1k80IzIUr BfO7nK/98S04bF6tPOEBZJMFI84JTaXmhjjUbWGG3gJtEn8gtSgQHtU/RqOY 5pKpiwVxJiBjxMbZERbTgVbVIapYQmhMzJhA0cVkcwE2fLWBbpyyhhFsXalLF qqvycyIo2Zy9B1SmKnZt3Lxf+8QWqj2yDjKkktU3S1KEoFsjHKH0djrhm1Yu4 IoZq7WxGdEk2odfFUXAj++subpNts+LjhP1zXWvUijjJcwCXUwYcbaME9tKE DFKbwDK/w5knvxXv3PlatJa+YOYc/8D5/AL52jUo=</latexit><latexit sha1_base64="92Zs16oKT d6JsjiXtJKxw8AX0sc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp5Itgh4 LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHc WIy/vdLW9s7uXnm/cnB4dHxSPT3rmjjVlHVoLGLdD4lhgivWsdwK1k80IzIUr BfO7nK/98S04bF6tPOEBZJMFI84JTaXmhjjUbWGG3gJtEn8gtSgQHtU/RqOY 5pKpiwVxJiBjxMbZERbTgVbVIapYQmhMzJhA0cVkcwE2fLWBbpyyhhFsXalLF qqvycyIo2Zy9B1SmKnZt3Lxf+8QWqj2yDjKkktU3S1KEoFsjHKH0djrhm1Yu4 IoZq7WxGdEk2odfFUXAj++subpNts+LjhP1zXWvUijjJcwCXUwYcbaME9tKE DFKbwDK/w5knvxXv3PlatJa+YOYc/8D5/AL52jUo=</latexit><latexit sha1_base64="92Zs16oKT d6JsjiXtJKxw8AX0sc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp5Itgh4 LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHc WIy/vdLW9s7uXnm/cnB4dHxSPT3rmjjVlHVoLGLdD4lhgivWsdwK1k80IzIUr BfO7nK/98S04bF6tPOEBZJMFI84JTaXmhjjUbWGG3gJtEn8gtSgQHtU/RqOY 5pKpiwVxJiBjxMbZERbTgVbVIapYQmhMzJhA0cVkcwE2fLWBbpyyhhFsXalLF qqvycyIo2Zy9B1SmKnZt3Lxf+8QWqj2yDjKkktU3S1KEoFsjHKH0djrhm1Yu4 IoZq7WxGdEk2odfFUXAj++subpNts+LjhP1zXWvUijjJcwCXUwYcbaME9tKE DFKbwDK/w5knvxXv3PlatJa+YOYc/8D5/AL52jUo=</latexit>
1000
<latexit sha1_ba se64="9aJkeMJjvYtcbZVaYoCl4ul0 wQs=">AAAB63icbVBNSwMxEJ2tX7V+ VT16CRahp5IVoR4LXjxWsB/QLiWbZtv QJLskWaEs/QtePCji1T/kzX9jtt2Dt j4YeLw3w8y8MBHcWIy/vdLW9s7uXnm /cnB4dHxSPT3rmjjVlHVoLGLdD4lhgi vWsdwK1k80IzIUrBfO7nK/98S04bF6 tPOEBZJMFI84JTaXfIzxqFrDDbwE2i R+QWpQoD2qfg3HMU0lU5YKYszAx4kN MqItp4ItKsPUsITQGZmwgaOKSGaCbHn rAl05ZYyiWLtSFi3V3xMZkcbMZeg6J bFTs+7l4n/eILXRbZBxlaSWKbpaFKU C2Rjlj6Mx14xaMXeEUM3drYhOiSbUun gqLgR//eVN0r1u+LjhP9zUWvUijjJc wCXUwYcmtOAe2tABClN4hld486T34r 17H6vWklfMnMMfeJ8/vO+NSQ==</lat exit><latexit sha1_ba se64="9aJkeMJjvYtcbZVaYoCl4ul0 wQs=">AAAB63icbVBNSwMxEJ2tX7V+ VT16CRahp5IVoR4LXjxWsB/QLiWbZtv QJLskWaEs/QtePCji1T/kzX9jtt2Dt j4YeLw3w8y8MBHcWIy/vdLW9s7uXnm /cnB4dHxSPT3rmjjVlHVoLGLdD4lhgi vWsdwK1k80IzIUrBfO7nK/98S04bF6 tPOEBZJMFI84JTaXfIzxqFrDDbwE2i R+QWpQoD2qfg3HMU0lU5YKYszAx4kN MqItp4ItKsPUsITQGZmwgaOKSGaCbHn rAl05ZYyiWLtSFi3V3xMZkcbMZeg6J bFTs+7l4n/eILXRbZBxlaSWKbpaFKU C2Rjlj6Mx14xaMXeEUM3drYhOiSbUun gqLgR//eVN0r1u+LjhP9zUWvUijjJc wCXUwYcmtOAe2tABClN4hld486T34r 17H6vWklfMnMMfeJ8/vO+NSQ==</lat exit><latexit sha1_ba se64="9aJkeMJjvYtcbZVaYoCl4ul0 wQs=">AAAB63icbVBNSwMxEJ2tX7V+ VT16CRahp5IVoR4LXjxWsB/QLiWbZtv QJLskWaEs/QtePCji1T/kzX9jtt2Dt j4YeLw3w8y8MBHcWIy/vdLW9s7uXnm /cnB4dHxSPT3rmjjVlHVoLGLdD4lhgi vWsdwK1k80IzIUrBfO7nK/98S04bF6 tPOEBZJMFI84JTaXfIzxqFrDDbwE2i R+QWpQoD2qfg3HMU0lU5YKYszAx4kN MqItp4ItKsPUsITQGZmwgaOKSGaCbHn rAl05ZYyiWLtSFi3V3xMZkcbMZeg6J bFTs+7l4n/eILXRbZBxlaSWKbpaFKU C2Rjlj6Mx14xaMXeEUM3drYhOiSbUun gqLgR//eVN0r1u+LjhP9zUWvUijjJc wCXUwYcmtOAe2tABClN4hld486T34r 17H6vWklfMnMMfeJ8/vO+NSQ==</lat exit><latexit sha1_ba se64="9aJkeMJjvYtcbZVaYoCl4ul0 wQs=">AAAB63icbVBNSwMxEJ2tX7V+ VT16CRahp5IVoR4LXjxWsB/QLiWbZtv QJLskWaEs/QtePCji1T/kzX9jtt2Dt j4YeLw3w8y8MBHcWIy/vdLW9s7uXnm /cnB4dHxSPT3rmjjVlHVoLGLdD4lhgi vWsdwK1k80IzIUrBfO7nK/98S04bF6 tPOEBZJMFI84JTaXfIzxqFrDDbwE2i R+QWpQoD2qfg3HMU0lU5YKYszAx4kN MqItp4ItKsPUsITQGZmwgaOKSGaCbHn rAl05ZYyiWLtSFi3V3xMZkcbMZeg6J bFTs+7l4n/eILXRbZBxlaSWKbpaFKU C2Rjlj6Mx14xaMXeEUM3drYhOiSbUun gqLgR//eVN0r1u+LjhP9zUWvUijjJc wCXUwYcmtOAe2tABClN4hld486T34r 17H6vWklfMnMMfeJ8/vO+NSQ==</lat exit>
0
<latexit sha1_ba se64="GtPZzOiWyA3oz//C6t/G5jFR h/w=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBahp5KIUI8FLx5bsB/QhrLZTtq 1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHb X0w8Hhvhpl5QSK4Nq777RS2tnd294r 7pYPDo+OT8ulZR8epYthmsYhVL6AaBZ fYNtwI7CUKaRQI7AbTu4XffUKleSwf zCxBP6JjyUPOqLFSyx2WK27NXYJsEi 8nFcjRHJa/BqOYpRFKwwTVuu+5ifEz qgxnAuelQaoxoWxKx9i3VNIItZ8tD52 TK6uMSBgrW9KQpfp7IqOR1rMosJ0RN RO97i3E/7x+asJbP+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbE o2BG/95U3Sua55bs1r3VQa1TyOIlzA JVTBgzo04B6a0AYGCM/wCm/Oo/PivD sfq9aCk8+cwx84nz9xR4ya</latexit ><latexit sha1_ba se64="GtPZzOiWyA3oz//C6t/G5jFR h/w=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBahp5KIUI8FLx5bsB/QhrLZTtq 1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHb X0w8Hhvhpl5QSK4Nq777RS2tnd294r 7pYPDo+OT8ulZR8epYthmsYhVL6AaBZ fYNtwI7CUKaRQI7AbTu4XffUKleSwf zCxBP6JjyUPOqLFSyx2WK27NXYJsEi 8nFcjRHJa/BqOYpRFKwwTVuu+5ifEz qgxnAuelQaoxoWxKx9i3VNIItZ8tD52 TK6uMSBgrW9KQpfp7IqOR1rMosJ0RN RO97i3E/7x+asJbP+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbE o2BG/95U3Sua55bs1r3VQa1TyOIlzA JVTBgzo04B6a0AYGCM/wCm/Oo/PivD sfq9aCk8+cwx84nz9xR4ya</latexit ><latexit sha1_ba se64="GtPZzOiWyA3oz//C6t/G5jFR h/w=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBahp5KIUI8FLx5bsB/QhrLZTtq 1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHb X0w8Hhvhpl5QSK4Nq777RS2tnd294r 7pYPDo+OT8ulZR8epYthmsYhVL6AaBZ fYNtwI7CUKaRQI7AbTu4XffUKleSwf zCxBP6JjyUPOqLFSyx2WK27NXYJsEi 8nFcjRHJa/BqOYpRFKwwTVuu+5ifEz qgxnAuelQaoxoWxKx9i3VNIItZ8tD52 TK6uMSBgrW9KQpfp7IqOR1rMosJ0RN RO97i3E/7x+asJbP+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbE o2BG/95U3Sua55bs1r3VQa1TyOIlzA JVTBgzo04B6a0AYGCM/wCm/Oo/PivD sfq9aCk8+cwx84nz9xR4ya</latexit ><latexit sha1_ba se64="GtPZzOiWyA3oz//C6t/G5jFR h/w=">AAAB6HicbVBNS8NAEJ3Ur1q/ qh69LBahp5KIUI8FLx5bsB/QhrLZTtq 1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHb X0w8Hhvhpl5QSK4Nq777RS2tnd294r 7pYPDo+OT8ulZR8epYthmsYhVL6AaBZ fYNtwI7CUKaRQI7AbTu4XffUKleSwf zCxBP6JjyUPOqLFSyx2WK27NXYJsEi 8nFcjRHJa/BqOYpRFKwwTVuu+5ifEz qgxnAuelQaoxoWxKx9i3VNIItZ8tD52 TK6uMSBgrW9KQpfp7IqOR1rMosJ0RN RO97i3E/7x+asJbP+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbE o2BG/95U3Sua55bs1r3VQa1TyOIlzA JVTBgzo04B6a0AYGCM/wCm/Oo/PivD sfq9aCk8+cwx84nz9xR4ya</latexit >
 6
<latexit  sha1_base64="8 Kw69wP3+np2CwlT oTtlcRbfOQM=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0sioh4LXjxWsR/ QhrLZbtqlm03YnQ gl9B948aCIV/+RN /+N2zYHbX0w8Hhv hpl5QSKFQdf9dgpr 6xubW8Xt0s7u3v5 B+fCoZeJUM95ksY x1J6CGS6F4EwVK3 kk0p1EgeTsY3878 9hPXRsTqEScJ9yM 6VCIUjKKVHs6v+uW KW3PnIKvEy0kFcj T65a/eIGZpxBUyS Y3pem6CfkY1Cib5 tNRLDU8oG9Mh71q qaMSNn80vnZIzqw xIGGtbCslc/T2R0 ciYSRTYzojiyCx7M /E/r5tieONnQiUp csUWi8JUEozJ7G0 yEJozlBNLKNPC3k rYiGrK0IZTsiF4y y+vktZFzXNr3v1l pV7N4yjCCZxCFTy4 hjrcQQOawCCEZ3i FN2fsvDjvzseite DkM8fwB87nD+Okj Nc=</latexit><latexit  sha1_base64="8 Kw69wP3+np2CwlT oTtlcRbfOQM=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0sioh4LXjxWsR/ QhrLZbtqlm03YnQ gl9B948aCIV/+RN /+N2zYHbX0w8Hhv hpl5QSKFQdf9dgpr 6xubW8Xt0s7u3v5 B+fCoZeJUM95ksY x1J6CGS6F4EwVK3 kk0p1EgeTsY3878 9hPXRsTqEScJ9yM 6VCIUjKKVHs6v+uW KW3PnIKvEy0kFcj T65a/eIGZpxBUyS Y3pem6CfkY1Cib5 tNRLDU8oG9Mh71q qaMSNn80vnZIzqw xIGGtbCslc/T2R0 ciYSRTYzojiyCx7M /E/r5tieONnQiUp csUWi8JUEozJ7G0 yEJozlBNLKNPC3k rYiGrK0IZTsiF4y y+vktZFzXNr3v1l pV7N4yjCCZxCFTy4 hjrcQQOawCCEZ3i FN2fsvDjvzseite DkM8fwB87nD+Okj Nc=</latexit><latexit  sha1_base64="8 Kw69wP3+np2CwlT oTtlcRbfOQM=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0sioh4LXjxWsR/ QhrLZbtqlm03YnQ gl9B948aCIV/+RN /+N2zYHbX0w8Hhv hpl5QSKFQdf9dgpr 6xubW8Xt0s7u3v5 B+fCoZeJUM95ksY x1J6CGS6F4EwVK3 kk0p1EgeTsY3878 9hPXRsTqEScJ9yM 6VCIUjKKVHs6v+uW KW3PnIKvEy0kFcj T65a/eIGZpxBUyS Y3pem6CfkY1Cib5 tNRLDU8oG9Mh71q qaMSNn80vnZIzqw xIGGtbCslc/T2R0 ciYSRTYzojiyCx7M /E/r5tieONnQiUp csUWi8JUEozJ7G0 yEJozlBNLKNPC3k rYiGrK0IZTsiF4y y+vktZFzXNr3v1l pV7N4yjCCZxCFTy4 hjrcQQOawCCEZ3i FN2fsvDjvzseite DkM8fwB87nD+Okj Nc=</latexit><latexit  sha1_base64="8 Kw69wP3+np2CwlT oTtlcRbfOQM=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0sioh4LXjxWsR/ QhrLZbtqlm03YnQ gl9B948aCIV/+RN /+N2zYHbX0w8Hhv hpl5QSKFQdf9dgpr 6xubW8Xt0s7u3v5 B+fCoZeJUM95ksY x1J6CGS6F4EwVK3 kk0p1EgeTsY3878 9hPXRsTqEScJ9yM 6VCIUjKKVHs6v+uW KW3PnIKvEy0kFcj T65a/eIGZpxBUyS Y3pem6CfkY1Cib5 tNRLDU8oG9Mh71q qaMSNn80vnZIzqw xIGGtbCslc/T2R0 ciYSRTYzojiyCx7M /E/r5tieONnQiUp csUWi8JUEozJ7G0 yEJozlBNLKNPC3k rYiGrK0IZTsiF4y y+vktZFzXNr3v1l pV7N4yjCCZxCFTy4 hjrcQQOawCCEZ3i FN2fsvDjvzseite DkM8fwB87nD+Okj Nc=</latexit>
 4
<latexit  sha1_base64="1 P/Cr0u18npZHMrq UbpA3CXvHM8=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0siBT0WvHisYj+ gDWWznbRLN5uwux FK6D/w4kERr/4jb /4bt20O2vpg4PHe DDPzgkRwbVz32yls bG5t7xR3S3v7B4d H5eOTto5TxbDFYh GrbkA1Ci6xZbgR2 E0U0igQ2Akmt3O/ 84RK81g+mmmCfkR HkoecUWOlh8v6oFx xa+4CZJ14OalAju ag/NUfxiyNUBomq NY9z02Mn1FlOBM4 K/VTjQllEzrCnqW SRqj9bHHpjFxYZU jCWNmShizU3xMZj bSeRoHtjKgZ61VvL v7n9VIT3vgZl0lq ULLlojAVxMRk/jY ZcoXMiKkllCluby VsTBVlxoZTsiF4q y+vk/ZVzXNr3n29 0qjmcRThDM6hCh5c QwPuoAktYBDCM7z CmzNxXpx352PZWn DymVP4A+fzB+Ccj NU=</latexit><latexit  sha1_base64="1 P/Cr0u18npZHMrq UbpA3CXvHM8=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0siBT0WvHisYj+ gDWWznbRLN5uwux FK6D/w4kERr/4jb /4bt20O2vpg4PHe DDPzgkRwbVz32yls bG5t7xR3S3v7B4d H5eOTto5TxbDFYh GrbkA1Ci6xZbgR2 E0U0igQ2Akmt3O/ 84RK81g+mmmCfkR HkoecUWOlh8v6oFx xa+4CZJ14OalAju ag/NUfxiyNUBomq NY9z02Mn1FlOBM4 K/VTjQllEzrCnqW SRqj9bHHpjFxYZU jCWNmShizU3xMZj bSeRoHtjKgZ61VvL v7n9VIT3vgZl0lq ULLlojAVxMRk/jY ZcoXMiKkllCluby VsTBVlxoZTsiF4q y+vk/ZVzXNr3n29 0qjmcRThDM6hCh5c QwPuoAktYBDCM7z CmzNxXpx352PZWn DymVP4A+fzB+Ccj NU=</latexit><latexit  sha1_base64="1 P/Cr0u18npZHMrq UbpA3CXvHM8=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0siBT0WvHisYj+ gDWWznbRLN5uwux FK6D/w4kERr/4jb /4bt20O2vpg4PHe DDPzgkRwbVz32yls bG5t7xR3S3v7B4d H5eOTto5TxbDFYh GrbkA1Ci6xZbgR2 E0U0igQ2Akmt3O/ 84RK81g+mmmCfkR HkoecUWOlh8v6oFx xa+4CZJ14OalAju ag/NUfxiyNUBomq NY9z02Mn1FlOBM4 K/VTjQllEzrCnqW SRqj9bHHpjFxYZU jCWNmShizU3xMZj bSeRoHtjKgZ61VvL v7n9VIT3vgZl0lq ULLlojAVxMRk/jY ZcoXMiKkllCluby VsTBVlxoZTsiF4q y+vk/ZVzXNr3n29 0qjmcRThDM6hCh5c QwPuoAktYBDCM7z CmzNxXpx352PZWn DymVP4A+fzB+Ccj NU=</latexit><latexit  sha1_base64="1 P/Cr0u18npZHMrq UbpA3CXvHM8=">AA AB6XicbVBNS8NAE J3Ur1q/qh69LBah F0siBT0WvHisYj+ gDWWznbRLN5uwux FK6D/w4kERr/4jb /4bt20O2vpg4PHe DDPzgkRwbVz32yls bG5t7xR3S3v7B4d H5eOTto5TxbDFYh GrbkA1Ci6xZbgR2 E0U0igQ2Akmt3O/ 84RK81g+mmmCfkR HkoecUWOlh8v6oFx xa+4CZJ14OalAju ag/NUfxiyNUBomq NY9z02Mn1FlOBM4 K/VTjQllEzrCnqW SRqj9bHHpjFxYZU jCWNmShizU3xMZj bSeRoHtjKgZ61VvL v7n9VIT3vgZl0lq ULLlojAVxMRk/jY ZcoXMiKkllCluby VsTBVlxoZTsiF4q y+vk/ZVzXNr3n29 0qjmcRThDM6hCh5c QwPuoAktYBDCM7z CmzNxXpx352PZWn DymVP4A+fzB+Ccj NU=</latexit>
 2
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6
<latexit  sha1_base64="X SDt9hOYkgYNnvqz 6WNmiJymXl0=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIqMeCF48t2A9 oQ9lsJ+3azSbsbo QS+gu8eFDEqz/Jm //GbZuDtj4YeLw3 w8y8IBFcG9f9dgob m1vbO8Xd0t7+weF R+fikreNUMWyxWM SqG1CNgktsGW4Ed hOFNAoEdoLJ3dzv PKHSPJYPZpqgH9G R5CFn1FipeT0oV9y auwBZJ15OKpCjMS h/9YcxSyOUhgmqd c9zE+NnVBnOBM5K /VRjQtmEjrBnqaQ Raj9bHDojF1YZkj BWtqQhC/X3REYjr adRYDsjasZ61ZuL/ 3m91IS3fsZlkhqU bLkoTAUxMZl/TYZ cITNiagllittbCR tTRZmx2ZRsCN7qy +ukfVnz3JrXvKrU q3kcRTiDc6iCBzdQ h3toQAsYIDzDK7w 5j86L8+58LFsLTj 5zCn/gfP4Ael+Mo A==</latexit><latexit  sha1_base64="X SDt9hOYkgYNnvqz 6WNmiJymXl0=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIqMeCF48t2A9 oQ9lsJ+3azSbsbo QS+gu8eFDEqz/Jm //GbZuDtj4YeLw3 w8y8IBFcG9f9dgob m1vbO8Xd0t7+weF R+fikreNUMWyxWM SqG1CNgktsGW4Ed hOFNAoEdoLJ3dzv PKHSPJYPZpqgH9G R5CFn1FipeT0oV9y auwBZJ15OKpCjMS h/9YcxSyOUhgmqd c9zE+NnVBnOBM5K /VRjQtmEjrBnqaQ Raj9bHDojF1YZkj BWtqQhC/X3REYjr adRYDsjasZ61ZuL/ 3m91IS3fsZlkhqU bLkoTAUxMZl/TYZ cITNiagllittbCR tTRZmx2ZRsCN7qy +ukfVnz3JrXvKrU q3kcRTiDc6iCBzdQ h3toQAsYIDzDK7w 5j86L8+58LFsLTj 5zCn/gfP4Ael+Mo A==</latexit><latexit  sha1_base64="X SDt9hOYkgYNnvqz 6WNmiJymXl0=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIqMeCF48t2A9 oQ9lsJ+3azSbsbo QS+gu8eFDEqz/Jm //GbZuDtj4YeLw3 w8y8IBFcG9f9dgob m1vbO8Xd0t7+weF R+fikreNUMWyxWM SqG1CNgktsGW4Ed hOFNAoEdoLJ3dzv PKHSPJYPZpqgH9G R5CFn1FipeT0oV9y auwBZJ15OKpCjMS h/9YcxSyOUhgmqd c9zE+NnVBnOBM5K /VRjQtmEjrBnqaQ Raj9bHDojF1YZkj BWtqQhC/X3REYjr adRYDsjasZ61ZuL/ 3m91IS3fsZlkhqU bLkoTAUxMZl/TYZ cITNiagllittbCR tTRZmx2ZRsCN7qy +ukfVnz3JrXvKrU q3kcRTiDc6iCBzdQ h3toQAsYIDzDK7w 5j86L8+58LFsLTj 5zCn/gfP4Ael+Mo A==</latexit><latexit  sha1_base64="X SDt9hOYkgYNnvqz 6WNmiJymXl0=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIqMeCF48t2A9 oQ9lsJ+3azSbsbo QS+gu8eFDEqz/Jm //GbZuDtj4YeLw3 w8y8IBFcG9f9dgob m1vbO8Xd0t7+weF R+fikreNUMWyxWM SqG1CNgktsGW4Ed hOFNAoEdoLJ3dzv PKHSPJYPZpqgH9G R5CFn1FipeT0oV9y auwBZJ15OKpCjMS h/9YcxSyOUhgmqd c9zE+NnVBnOBM5K /VRjQtmEjrBnqaQ Raj9bHDojF1YZkj BWtqQhC/X3REYjr adRYDsjasZ61ZuL/ 3m91IS3fsZlkhqU bLkoTAUxMZl/TYZ cITNiagllittbCR tTRZmx2ZRsCN7qy +ukfVnz3JrXvKrU q3kcRTiDc6iCBzdQ h3toQAsYIDzDK7w 5j86L8+58LFsLTj 5zCn/gfP4Ael+Mo A==</latexit>
0
<latexit  sha1_base64="G tPZzOiWyA3oz//C 6t/G5jFRh/w=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIUI8FLx5bsB/ QhrLZTtq1m03Y3Q gl9Bd48aCIV3+SN /+N2zYHbX0w8Hhv hpl5QSK4Nq777RS2 tnd294r7pYPDo+O T8ulZR8epYthmsY hVL6AaBZfYNtwI7 CUKaRQI7AbTu4Xf fUKleSwfzCxBP6J jyUPOqLFSyx2WK27 NXYJsEi8nFcjRHJ a/BqOYpRFKwwTVu u+5ifEzqgxnAuel QaoxoWxKx9i3VNI ItZ8tD52TK6uMSB grW9KQpfp7IqOR1 rMosJ0RNRO97i3E/ 7x+asJbP+MySQ1K tloUpoKYmCy+JiO ukBkxs4Qyxe2thE 2ooszYbEo2BG/95 U3Sua55bs1r3VQa 1TyOIlzAJVTBgzo0 4B6a0AYGCM/wCm/ Oo/PivDsfq9aCk8 +cwx84nz9xR4ya< /latexit><latexit  sha1_base64="G tPZzOiWyA3oz//C 6t/G5jFRh/w=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIUI8FLx5bsB/ QhrLZTtq1m03Y3Q gl9Bd48aCIV3+SN /+N2zYHbX0w8Hhv hpl5QSK4Nq777RS2 tnd294r7pYPDo+O T8ulZR8epYthmsY hVL6AaBZfYNtwI7 CUKaRQI7AbTu4Xf fUKleSwfzCxBP6J jyUPOqLFSyx2WK27 NXYJsEi8nFcjRHJ a/BqOYpRFKwwTVu u+5ifEzqgxnAuel QaoxoWxKx9i3VNI ItZ8tD52TK6uMSB grW9KQpfp7IqOR1 rMosJ0RNRO97i3E/ 7x+asJbP+MySQ1K tloUpoKYmCy+JiO ukBkxs4Qyxe2thE 2ooszYbEo2BG/95 U3Sua55bs1r3VQa 1TyOIlzAJVTBgzo0 4B6a0AYGCM/wCm/ Oo/PivDsfq9aCk8 +cwx84nz9xR4ya< /latexit><latexit  sha1_base64="G tPZzOiWyA3oz//C 6t/G5jFRh/w=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIUI8FLx5bsB/ QhrLZTtq1m03Y3Q gl9Bd48aCIV3+SN /+N2zYHbX0w8Hhv hpl5QSK4Nq777RS2 tnd294r7pYPDo+O T8ulZR8epYthmsY hVL6AaBZfYNtwI7 CUKaRQI7AbTu4Xf fUKleSwfzCxBP6J jyUPOqLFSyx2WK27 NXYJsEi8nFcjRHJ a/BqOYpRFKwwTVu u+5ifEzqgxnAuel QaoxoWxKx9i3VNI ItZ8tD52TK6uMSB grW9KQpfp7IqOR1 rMosJ0RNRO97i3E/ 7x+asJbP+MySQ1K tloUpoKYmCy+JiO ukBkxs4Qyxe2thE 2ooszYbEo2BG/95 U3Sua55bs1r3VQa 1TyOIlzAJVTBgzo0 4B6a0AYGCM/wCm/ Oo/PivDsfq9aCk8 +cwx84nz9xR4ya< /latexit><latexit  sha1_base64="G tPZzOiWyA3oz//C 6t/G5jFRh/w=">AA AB6HicbVBNS8NAE J3Ur1q/qh69LBah p5KIUI8FLx5bsB/ QhrLZTtq1m03Y3Q gl9Bd48aCIV3+SN /+N2zYHbX0w8Hhv hpl5QSK4Nq777RS2 tnd294r7pYPDo+O T8ulZR8epYthmsY hVL6AaBZfYNtwI7 CUKaRQI7AbTu4Xf fUKleSwfzCxBP6J jyUPOqLFSyx2WK27 NXYJsEi8nFcjRHJ a/BqOYpRFKwwTVu u+5ifEzqgxnAuel QaoxoWxKx9i3VNI ItZ8tD52TK6uMSB grW9KQpfp7IqOR1 rMosJ0RNRO97i3E/ 7x+asJbP+MySQ1K tloUpoKYmCy+JiO ukBkxs4Qyxe2thE 2ooszYbEo2BG/95 U3Sua55bs1r3VQa 1TyOIlzAJVTBgzo0 4B6a0AYGCM/wCm/ Oo/PivDsfq9aCk8 +cwx84nz9xR4ya< /latexit>
Fig. 3. Shaded region indicates power injections that admit
a unique high-voltage non-stressed power flow solution that
are, however, not small-signal stable.
goal to reduce the model order. To that end, we identify
a physically meaningful parametrization of the invert-
ers, and we show that under suitable assumptions, this
parametrization leads to a time-scale decomposition of
the system (10) which simplifies analysis. We begin by
parametrization of time constants of different compo-
nents of the system.
Definition 4 (Singular perturbation parameter.)
For the dimensionless grid-tied inverter-network dy-
namics (10), we define the inverters paramater:
I = max{‖τPLL‖∞, ‖τ ′PLL‖∞, ‖τ s‖∞, ‖Ts‖∞, ‖TPLL‖∞,
‖τ c‖
1
2∞, ‖Tc‖
1
2∞},
the LC and lines parameter:
E = max
{
‖τLC‖
1
2∞, ‖τ ′LC‖
1
2∞, ‖τ E‖
1
2∞
}
and the frequency deviation parameter:
F = max
t
|ωg(t)/ωnom − 1|
Using these parameters, we define the singular pertur-
bation parameter:
 := max{I, E , F} (16)
Remark 5 (i) Definition 4 establishes a physically
meaningful time-scale separation of the compo-
nents of the inverter network when   1. In this
case, ‖τ ′LC‖∞, ‖τLC‖∞, ‖τ E‖∞, ‖τ c‖∞, ‖Tc‖∞ ≤
2 which implies that the line dynamics, the LC
filter, and the current controller of the inverter
are the fastest components of the network. More-
over, F, ‖τPLL‖∞, ‖τ ′PLL‖∞, ‖τ s‖∞ ≤  which
implies that the frequency deviation of the grid,
the PLL, and averaging-part of the power con-
troller (i.e., ŝavg) are slower than the current con-
troller, the line dynamics, and the LC filter but
they are faster than the steady-state power-tracking
controller (i.e., φ̂s) dynamics.
(ii) The assumption  1 is equivalent to I, L, F 
1, which is realistic in practice. For instance, in the
grid-following inverter models with the parameters
in Table A.2 and also with the parameters used in
papers [26,31,32], it holds that I, L
le0.1. In the grid-tied power networks, the fre-
quency is controlled such that the frequency devia-
tion satisfies F ≤ 10−3 [24].
(iii) Note that τe =
Le√
R2e+ω
2
nomL
2
e
≤ ω−1nom, for
every e ∈ E. Similarly, one can show that
‖τ ′LC‖∞, ‖τLC‖∞ ≤ ω−
1
2
nom and this gives an upper
bound for the LC and line parameter E ≤ ω−
1
2
nom
(iv) For a different set of parameters and control ar-
chitectures, one can conceivably identify a differ-
ent singular perturbation parameter and time-scale
decomposition. However, we expect the general na-
ture of the stability result that follows to be similar.
Theorem 6 (Small-signal Stability) Consider the
dimensionless grid-tied inverter-network dynamics (10)
with states in R13n+2|E| and reference power injections
ŝref ∈ R2n. The following hold:
(i) if, for every t ∈ R≥0,∥∥∥D′(ŵ(t))Ŷ −1red (D′(ŵ(t)))−1D′(ŝref)∥∥∥C,∞ ≤ 38 ,
(17)
then, there is a unique solution (v̂refoDQ, î
ref
oDQ)
>
for the time-varying power-flow equations (12)
and (13) and a family of reference trajectories x̂refα ,
α ∈ Zn2 , for the grid-tied inverter network dynam-
ics (10) satisfying:∥∥v̂refoDQ − ŵ(t)∥∥C,∞ ≤ 12‖ŵ(t)‖C,∞;
(ii) if additionally, we have [TPLL]  [τPLL] and the
2n× 2n matrix
M := −
(
D(v̂nomoDQ)Ŷred + D
′(̂inomoDQ)
)
×
Ŷ −1C,redR(−δnom)H[τ ′s ⊗ I2]−1 (18)
is Hurwitz, then, there exists an ∗ > 0 such that,
for every  ≤ ∗, the reference trajectory x̂ref0 is
locally exponentially stable.
PROOF. Regarding part (i), the proof follows from
combining Lemma 15 and Lemma 1. Regarding part (ii),
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consider the dimensionless grid-tied inverter network
dynamics (10). Using (16) and defining the variable
∆x ∈ R13n+2|E| by ∆x = x− xref0 , we get a three-time-
scale decomposition of the system. We define the states
z1 ∈ R6n+2|E|, z2 ∈ R5n, and z3 ∈ R2n as follows:
z1 =
(
∆γ̂DQ ∆îlDQ ∆v̂oDQ ∆ξDQ
)>
,
z2 =
(
∆v̂PLL ∆φ̂PLL ∆δ ∆ŝavg
)>
,
z3 = ∆φ̂s,
where z1 is faster than z2 and z2 is faster than z3. The
corresponding time-scales are given by τ = t2 and τ
′ =
t
 . Using these time-scales, the dimensionless grid-tied
inverter network dynamics (10) can be written as follows:
z˙3 = g3(z1, z2, z3, ),
z˙2 = g2(z1, z2, z3, ),
2z˙1 = g1(z1, z2, z3, , t), (19)
where g1, g2.g3 are suitably-defined functions. The quasi-
steady-state manifold for the time-scale τ is the mani-
fold z1 = h1(z2, z3, t) obtained by solving the algebraic
equations g3(z1, z2, z3, 0, t) = 0(6n+2|E|) [15, §11.2]. Note
that, by setting  = 0, we have ωg(t) = ωnom and there-
fore θg(t) = 0, for every t ≥ 0. This implies that, for
every t ≥ 0, we have vgDQ(t) = [0, Vg]>. Moreover, us-
ing Lemma 1, it is easy to show that if  = 0, then we
have x̂ref0 = x̂
nom
0 . Since vgDQ(t) is the only term with
explicit time-dependence in the dimensionless grid-tied
inverter network dynamics (10), it is easy to check that
the quasi-steady-state manifold for the time-scale τ is
time-invariant and is given by:
∆γ̂DQ = Ŷ
−1
C,redR(−δ)H∆φ̂s,
∆îlDQ = R(−δ)H∆φ̂s,
∆v̂oDQ = Ŷ
−1
C,redR(−δ)H∆φ̂s,
∆ξ̂DQ = Z−1L (B>I ⊗ I2)Ŷ −1C,redR(−δ)H∆φ̂s.
Since the quasi-steady state manifold for the time-scale
τ is an isolated manifold, the singular perturbation prob-
lem is in standard from and therefore, the boundary-
layer dynamics are:
d∆γ̂DQ
dτ
= −2[τ c ⊗ I2]−1∆îlDQ, (20a)
d∆îlDQ
dτ
= 2([τLC]
−1[X ]⊗ I2)
(
∆γ̂DQ −∆v̂oDQ
− [τ c ⊗ I2]−1[Tc ⊗ I2]∆îlDQ
)
, (20b)
d∆v̂oDQ
dτ
= 2([τ ′LC][X ]⊗ I2)−1
(
∆îlDQ −∆îoDQ
− [τ ′′LC ⊗ I2]Jv̂oDQ
)
, (20c)
d∆ξ̂DQ
dτ
= 2([τ E ][τ ′E ]⊗ I2)−1
(
(B>I ⊗ I2)∆v̂oDQ
−ZLξ̂DQ
)
. (20d)
We first show that for the boundary-layer dynam-
ics (20a), the origin is the exponentially stable equilib-
rium point. Note that the boundary-layer dynamic (20a)
is linear. Moreover, it is easy to see that since the graph
is connected, we have Ker(B>I ) = {0n}, the matrix
2([τ ′LC]
−1[X ]−1[τ ′′LC]⊗ I2)J is skew-symmetric and the
matrix −(ZL + Z>L ) is negative definite. Hence, using
Lemma 14, the origin is the locally exponentially sta-
ble point of the boundary-layer dynamics (20a). Simi-
larly, the quasi-steady-state manifold for time-scale τ ′
is z2 = h2(z3, t) obtained by solving the algebraic
equations g2(h1(z2, z3, t), z2, z3, 0) = 05n. Moreover, for
 = 0, we have x̂ref0 = x̂
nom
0 . Thus, the quasi-steady-state
manifold for time-scale τ ′ is time-invariant and is given
as follows:
∆v̂PLL = 0n,
∆φ̂PLL = 0n,
∆δ = δBL − arg(v̂nomoDQ),
∆ŝavg = − 32D
(
Ŷ −1C,redR(−δBL)H∆φ̂s + v̂nomoDQ
)×(
ŶredŶ
−1
C,redR(−δBL)H∆φ̂s + înomoDQ
)
where δBL = δBL(∆φ̂s) is the solution to the following
algebraic equation
δ − arg
(
Ŷ −1C,redR(−δ)H∆φ̂s
)
= 0n
Since the quasi-steady state manifold for the time-scale
τ ′ is an isolated manifold, the singular perturbation
problem is in standard form and the corresponding
boundary-layer dynamics are:
d∆v̂PLL
dτ ′
= [τPLL]
−1(∆v̂od −∆v̂PLL), (21a)
d∆φ̂PLL
dτ ′
= −[TPLL]−1∆v̂PLL, (21b)
d∆δ
dτ ′
= [τ ′PLL]
−1(∆φ̂PLL −∆v̂PLL), (21c)
d∆ŝavg
dτ ′
= −[τ s ⊗ I2]−1∆ŝavg. (21d)
We show that the boundary-layer dynamics (21) are sta-
ble around the origin. Note that the linearized boundary-
layer equation dynamics around the origin have the form
∆z˙2 = S∆z2, where S ∈ R5n×5n has the upper block
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triangular form S =
(
S11 S12
02n×3n S22
)
with:
S11 =

−[τPLL]−1 0n×n [τPLL]−1v̂∗oq
−[TPLL]−1 0n×n 0n×n
−[τ ′PLL]−1 [τ ′PLL]−1 0n×n
 ,
S22 = −[τ s ⊗ I2]−1.
Since [TPLL]  [τPLL], by Lemma 14, matrix S is Hur-
witz. Therefore, the origin is the locally exponentially
stable point of the boundary-layer equations (21). Now,
we consider the reduced-order dynamics. The reduced
order model for the multi-time-scale analysis is given by:
z˙3 = g3(h1(h2(z3, t), z3, t), h2(z3, t), z3, 0). (22)
In order to study the stability of the reduced or-
der model (22), we introduce the new variable η =
R(−δBL)H∆φ̂s. First note that, for  = 0, we have
x̂ref0 = x̂
nom
0 and thus we get ∆φ̂s = 02n and δ
BL =
δnom. This implies that η˙ = R(−δnom)H∆ ˙̂φs and the
reduced order model (22) is given by:
η˙ = − 32R(−δnom)H[τ ′s ⊗ I2]−1D
(
Ŷ −1C,redη + v̂
nom
oDQ
)×(
ŶredŶ
−1
C,redη + î
nom
oDQ
)
Linearizing the above equation, we get ∆η˙ = M ′∆η,
where M ′ is given by
M ′ := − 32R(−δnom)H[τ ′s ⊗ I2]−1×(
D(v̂nomoDQ)Ŷ
−1
red + D
′(̂inomoDQ)
)
Ŷ −1C,red.
Note that, for any scalar c ∈ R>0 and any matrix
A ∈ R2n×2n, the matrix A is Hurwitz if and only if the
matrix cA is Hurwitz. Moreover, for any two square ma-
trices A,B ∈ R2n×2n, the eigenvalues of AB and BA are
the same [14, Theorem 1.3.22]. Therefore, Hurwitzness
of the matrix M ′ is equivalent to the Hurwitzness of ma-
trix M defined in (18). This means that M ′ is Hurwitz
and starting from a small enough neighborhood of origin,
the curve t 7→ η(t) converges exponentially to the origin
and thus the curve t 7→ ∆φ̂s(t) converges exponentially
to the origin. This implies that origin is a locally expo-
nentially stable equilibrium point of the reduced order
model (22). Stability of the reference trajectory of the
dimensionless grid-tied inverter network dynamics can
therefore be ensured from condition (ii) [15, Theorem
11.4]. 
We provide a few contextualizing and clarifying remarks.
Remark 7 (1) As it is well-known in the singular per-
turbation analysis, the largest value of ∗ for which
the statement of Theorem 6(ii) holds is hard to
compute. However, for the case when the frequency
of the grid is constant, a standard lower bound on
∗ can be obtained using techniques in [16, Lemma
2.2].
(2) If the grid frequency is constant, then x̂refα = x̂
nom
α
is an equilibrium point for the full-order dimen-
sionless grid-tied inverter-network dynamics (10)
and one can use Theorem 6(ii) to guarantee the
local exponential stability of this equilibrium point
for small enough .
(3) Small-signal stability analysis of the grid-tied in-
verter network dynamics (10) is computationally
complicated for large networks. In fact, in gen-
eral, it requires solving the nonlinear time-varying
(13n + 2|E|)-dimensional dynamical system (10)
and, in the special case when the grid-frequency
is constant, it requires linearizing the system and
checking stability of a (13n + 2|E|)-dimensional
matrix. Theorem 6(ii) eliminates the time-varying
grid frequency, the line dynamics, the dynamics of
the current controller, PLL, and LC filter from
small-signal stability analysis. The sufficient con-
dition in Theorem 6(ii) significantly improves the
computational complexity of the small-signal sta-
bility analysis by reducing the problem to checking
that a 2n-dimensional matrix is Hurwitz;
(4) By part (i), there exists a family of reference tra-
jectories x̂refα for the grid-tied inverter network dy-
namics (10). However, in part (ii), we focus on
the reference trajectory x̂ref0 . The reason is that this
trajectory is locally exponentially stable when there
is no power injection for the inverters;
(5) Theorem 6(ii) brings out the role of network topol-
ogy, the power injections/demand structure, and
inverter parameters in small-signal stability of the
networks of grid-following inverters. In the expres-
sion for the matrix M , the term Ŷred reveals the
role of network topology. The terms înomoDQ, v̂
nom
oDQ,
and δnom (which can be obtained by solving the
power flow equations (12) and (13)) reveal the
role of network topology as well as power injec-
tion/demand structure of the network. Finally, the
term τ ′s reveals the role of inverters’ internal dy-
namics.
(6) In the proof of Theorem 6, for every time-scale, we
provide an explicit form for the quasi-steady state
manifold of the system. This is crucial in singular
perturbation analysis since the stability analysis is
feasible only if the quasi-steady state manifold is
isolated.
4.2 Corollaries
We now present two corollaries that may be applicable
in different settings and shed more light on to the main
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result of the paper. For the sake of simplicity, we focus
on the ideal situation where the frequency of the grid is
constant and equal to the nominal frequency ωnom and
the inverters do not have any LC filter. We start with a
result for stability of a single inverter connected to the
grid.
Corollary 8 (Single inverter connected to the
grid) Consider a single inverter with the reference
power injection sref = (pref , qref)> connected to the grid
with voltage vgDQ =
(
0
Vg
)
through a line with resistance
R and inductance L. If
‖sref‖2 ≤ 38
V 2g√
R2 + ω2nomL
2
, (23)
then the following statements hold:
(i) there exist two equilibrium points x̂nom0 and x̂
nom
1
satisfying
‖v̂nomoDQ − ( 01 ) ‖C,∞ ≤ 12 ;
(ii) if we have TPLL > τPLL, then there exists a 
∗ > 0
such that, for every  ≤ ∗, x̂nom0 is locally expo-
nentially stable.
PROOF. Regarding part (i), we define the dimension-
less resistance R̂ = V −2g snomR and dimensionless in-
ductance L̂ = V −2g snomL. Therefore, we get Ŷ
−1
red =(
R̂ −ωnomL̂
ωnomL̂ R̂
)
. Then, (23) is equivalent to (17) and
the result follows from Theorem 6(i). Regarding part (ii),
note that we have v̂nomoDQ − (R̂I2 + ωnomL̂J)̂inomoDQ = ( 01 ).
Therefore, matrix M in (18) has the following form:
M = −
(
D(v̂nomoDQ) + D
′(̂inomoDQ)Ŷ
−1
red
)
HR(−δnom)[τ ′s ⊗ I2]−1
= −
(
2R̂înomoD 1 + 2R̂î
nom
oQ
1 + 2ωnomL̂̂i
nom
oD 2ωnomL̂̂i
nom
oQ
)
HR(−δnom)(τ ′s)−1.
Using simple algebraic manipulations, we get det(M) =
(2v̂nomoQ − 1)(τ ′s)−1 and tr(M) = −2v̂nomoq (τ ′s)−1. Since
‖v̂nomoDQ − ( 01 ) ‖2 ≤ 12 , we have 2v̂nomoQ ≥ 1. This implies
that det(M) ≥ 0. Moreover, for the reference trajectories
x̂nom0 , we have v̂
nom
oq > 0. This implies that tr(M) < 0
andM is Hurwitz. Thus, by Theorem 6(ii) x̂nom0 is locally
exponentially stable. 
In the next corollary, we study the special case of re-
sistive networks and provide a computationally effi-
cient numerical method for checking sufficient condi-
tion (18) for small-signal stability of the inverter net-
works. Note in practice there exists no power grid with
purely resistive lines and with purely active power gen-
eration/consumption. However, using a straightforward
perturbation analysis [14, Theorem 6.3.2]. one can gen-
eralize the result of Corollary 9 to the networks with
small line inductances and small reactive power genera-
tions/consumptions.
Corollary 9 (Resistive network of inverters)
Consider the dynamics (10). Suppose the lines and loads
are purely resistive and the reference power injections
and demands are purely active and the voltage of the
grid is given by vgDQ =
(
0
Vg
)
. The following statements
hold:
(i) if ∥∥∥[û]L̂−1red[û]−1[p̂ref ]∥∥∥C,∞ ≤ 38 ,
where û = L̂−1redL̂0gvgDQ, then there exists a family
of equilibrium points x̂nomα for the dynamical sys-
tem (10) with the property that∥∥v̂nomoDQ − ŵ∥∥C,∞ ≤ 12‖ŵ‖C,∞.
(ii) if additionally we have [TPLL]  [τPLL] and the
Metzler matrix
N := −[v̂nomoq ][τ ′s]−1 + [̂inomoq ]L̂−1red[τ ′s]−1 (24)
is Hurwitz then there exists a ∗ > 0 such that, for
every  ≤ ∗, the equilibrium points x̂nom0 is locally
exponentially stable.
PROOF. Regarding part (i), since the network is re-
sistive and power injections/demands are purely active,
we know that
Ŷ −1red = L̂
−1
red ⊗ I2, ŝref = p̂ref ⊗ ( 10 ) ŵ = û⊗ I2.
Therefore:∥∥∥D′(ŵ)Ŷ −1red (D′(ŵ))−1D′(sref)∥∥∥C,∞ = ∥∥∥[û]L̂−1red[û]−1[p̂∗]∥∥∥C,∞ .
The result then follows from Theorem 6(i). Regarding
part (ii), since there are no reactive-power injections
from the inverters, we have înomod = 0n. Since the in-
put voltage for the PLL and power controller is the out-
put voltage of the LC filter (i.e., v̂nomodq ), and the net-
work is purely resistive, we have v̂nomoD = 0n and as a
result δnom = 0n. Alternatively, this observation can be
proved rigorously as follows. Since the power injections
are purely active, the power injection vector sref has the
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form sref = pref ⊗ ( 10 ). Therefore, starting from the ini-
tial condition v(0) = ŵ = û ⊗ ( 01 ), the kth iteration in
Lemma 15(ii) has the form v(k) = u(k) ⊗ ( 01 ), for every
integer k ∈ Z≥0. This implies that, in the limit, we have
v̂nomoD = 0n and as a result δ
nom = 0n. Therefore, the
matrix M in condition (18) simplifies as shown below:
M = −
(
[v̂nomoq ]⊗ I2 − [̂inomoq ]L̂−1red ⊗ I2
)
[τ ′s ⊗ I2]−1
= −[v̂nomoq ][τ ′s]−1 ⊗ I2 − [̂inomoq ]L̂−1red[τ ′s]−1 ⊗ I2.
Using Lemma 13, the matrix M is Hurwitz if and only
if the matrices
−([v̂nomoq ]± [̂inomoq ]L̂−1red)[τ ′s]−1 (25)
are Hurwitz. Note that the active-power injections from
the inverters to the grid are non-negative in steady state.
This implies that înomoq ≥ 0n. Thus, the matrices (25) are
similar to the following matrices:
−[τ ′s]
−1
2 [v̂nomoq ][τ
′
s]
−1
2 ± [τ ′s]
−1
2 [̂inomoq ]
1
2 L̂−1red [̂i
nom
oq ]
1
2 [τ ′s]
−1
2 .
Since the matrix [v̂nomoq ] is positive definite and the ma-
trix [̂inomoq ]
1
2 L̂−1red [̂i
nom
oq ]
1
2 is positive semidefinite, the ma-
trix
−[τ ′s]
−1
2 [v̂nomoq ][τ
′
s]
1
2 − [τ ′s]
1
2 [̂inomoq ]
1
2 L̂−1red [̂i
nom
oq ]
1
2 [τ ′s]
−1
2
is Hurwitz. Moreover, note that the matrix Lred is a
grounded Laplacian matrix and by [5, E 9.10] its inverse
L−1red is non-negative. Also, the matrices [τ
′
s], [̂i
nom
oq ], and
[v̂nomoq ] are all diagonal with non-negative diagonal el-
ements. This implies that the matrix −[v̂nomoq ][τ ′s]−1 +
[̂inomoq ]L̂
−1
red[τ
′
s]
−1 has non-negative off-diagonal elements
and therefore, it is Metzler. The proof of Corollary (9)
then follows from Theorem 6. 
Remark 10 (Computational complexity) It is
worth mentioning that, for Metzler matrices, there
are computationally efficient methods for checking
Hurwitzness. In particular, one can reformulate the
Hurwitzness of (24) as the following feasibility problem:
Nξ < 0,
ξ > 0. (26)
The feasibility problem (26) is a linear programming and
it can be checked using distributed methods, where each
node runs an algorithm involving only local variables
and information exchange with its neighbors [30]. As a
result, one can check the Hurwitzness of N using the
linear programming (26) in O(m) time where m is the
number of nonzero elements in N [30].
5 Numerical Simulations
In this section, we present numerical simulation results
for radial networks 1 (see Fig. 2) with identical inverters
and reference-power setpoints with the goal of answering
the following questions:
• For which values of the inverter parameter I does
Theorem 6(ii) guarantee small-signal stability?
• How does a change in parameters of the inverters
affect this range?
• How efficient is the condition (18) in Theorem 6(ii)
to analyze small-signal stability?
We will see that the first and the second questions can
be interpreted as inverter design problems, and the
third question can be interpreted as a network monitor-
ing problem. Solutions to these problems are provided
in Sections 5.1 and 5.2, respectively. Our test case is
a family of radial networks {G(n)}n∈N, where G(n) is
the weighted undirected connected graph with the node
set (buses) Nn = {0, . . . , n}, the edge set (branches)
En = {(i, i + 1) | i = 0, . . . , n − 1}. Node 0 is the
slack bus connected to the grid with constant voltage
vg = i(120
√
2) V(peak) and constant frequency ωnom =
120pi rad/s. For every (j, k) ∈ En, the admittances of the
line (i, j) is given by ajk = akj = (RI2 + ωnomLJ)
−1,
where the line resistance is R = 0.02 Ω and line in-
ductance is L = 2 × 10−5 H. For every radial network
G(n), we assume that node 0 corresponds to the grid
bus (see Fig. 2), nodes {1, . . . , n} are the inverters with
snom = 1000 VA, and
τPLL = 
2
I , τ
′
PLL = 
2
IV
−1
g , TPLL = I, τs = I
τ ′s = (0.1)Vg, Ts = 10I, τc =
Vg
snom
2I , Tc = 
2
I
Lf = 10
−3 H, Cf = 2× 10−3 F.
We first define the notion of stability margin.
Definition 11 (Stability margin) Given a family of
networks {G(n)}n∈N and uniform reference power injec-
tion sref ∈ C, the Stability Margin (SM) of {G(n)}n∈N
is the maximum N ∈ N such that the dimensionless
grid-tied inverter network dynamics (10) with under-
lying graph G(N) and the reference power injection
sref = sref1N has a locally stable equilibrium point.
Remark 12 (1) For networks with large penetration
of renewable energy units, the notion of stability
margin can be used to study the robustness of the
grid with respect to penetration of inverters.
(2) For our test case network, SM of the network de-
pends on the line parameter I;
1 All the numerical simulations are carried in MATLAB
R2016a performed on a computer with Intel Core i5 proces-
sor @ 1.6 GHZ CPU and 4 GB RAM.
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(3) One can use the matrix M defined in (18) to esti-
mate the SM of the network; from Theorem 6(ii),
there exists ∗ > 0 such that, for every  ≤ ∗, SM
of the network is larger than this estimate.
5.1 Designing Grid-tied Inverter Networks
In this part, we examine the efficiency of our analytic re-
sults in Theorem 6 to design grid-following inverter net-
works, focusing on the small-signal stability of the grid.
We focus on finding SM for the radial network shown in
Fig 2 and we numerically investigate 1) the largest range
of inverter parameter I for which Theorem 6(ii) holds
2) the effect of other parameters of the system on this
range. In order to carry out these task, we first study the
effect of parameter  for different active power injections
on the SM of the system. The result is shown in Fig. 4.
Note that the overlapping dashed lines in Figure 4 are
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0 #10-3
0
5
10
15
20
25
30
N
u
m
b
er
of
In
ve
rt
er
s
SM for pref = 2000 W
SM for pref = 1500 W
SM for pref = 1000 W
Fig. 4. Stability margins for different active power injections.
The dashed lines show the estimates of SM computed using
Hurwitzness of matrix M .
the estimates of SM based on the sufficient condition in
Theorem 6(ii). Therefore, according to the data in Fig-
ure 4, the largest domain of the inverter parameter I
for which Theorem 6(ii) holds is (0, 0.0025], for the ac-
tive power injections pref = 1000 W , pref = 1500 W ,
and pref = 2000 W , respectively. It is interesting that,
as I becomes smaller, the dashed line and the solid lines
get closer to each other and Theorem 6(ii) can be used
to find the exact SM of the network. Moreover, from
Fig. 4, one can observe the following:
(1) By decreasing I, the SM of the network increases
and thereby the small-signal stability of the net-
work improves;
(2) For small enough I, by increasing the reference
power injection to inverters, the SM of the system
decreases and the small-signal stability of the sys-
tem deteriorates.
Finally, we numerically investigate the effect of changes
in other parameters of the network on the range of I
for which Theorem 6(ii) holds. The experiment setup is
as follows. Given a time-constant τ in the dimension-
less grid-tied inverter-network dynamics (10), we scale
it using a scaling factor κ and study the effect of κ on
the largest I for which Theorem 6(ii) holds. For the ra-
dial network with 10 inverters (see Fig 2), the results are
shown in Figure 5 for the time-constants τc, TPLL. It is
interesting to note that, starting from κ = 1, increasing
(decreasing) the current controller time-constant τc will
decrease (increase) the range of I. However, changing
the PLL time-constants TPLL does not have a significant
effect on the range of I.
10-1 100 101
Scaling factor
1
2
3
4
5
6
7
8
9
0 I
#10-3
=c
TPLL
Fig. 5. Effect of parameter scaling on largest I for which
the radial network (see Fig 2) with 10 inverters is stable.
5.2 Monitoring Grid-tied Inverter Networks
In this section, we study the conservativeness and com-
putational efficiency of condition (18) in Theorem 6(ii)
for monitoring the small-signal stability of the network.
For our test case, we pick I = 0.001 and assume that
the grid frequency is constant and equal to the nomi-
nal frequency ωnom. Therefore based on Section 5.1, we
are in the range of applicability of Theorem 6(ii). Recall
that SM is the largest number of inverters in the network
for which the equilibrium point x̂nom0 of full-order sys-
tem (10) is asymptotically stable. We denote the compu-
tational time of finding SM, using the eigenvalue anal-
ysis for the linearized system, by Tlin. We denote the
largest number of inverters in the grid for which the ma-
trixM in (18) is Hurwitz by SMappr. Similarly, we denote
the computational time for checking the Hurwitzness of
matrix M in (18) by Ttest. We start with different uni-
form reference active-power injections ŝref = P̂1n and
compute the thresholds SM and SMappr together with
their computational times for each active-power injec-
tions. The results are shown in Table 1. From Table 1,
it is clear that condition (18) gives accurate estimates
for threshold of stability and the corresponding compu-
tation times are almost one order of magnitude less that
the computation time to perform a full-order eigenvalue
analysis of the linearized system.
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P̂ Ttest (s) Tlin (s) SM SMappr
0.80 0.0774 0.5853 22 20
1.00 0.0793 0.5636 22 20
1.20 0.0741 0.5546 22 20
1.40 0.0767 0.6525 22 20
1.60 0.0767 0.5313 21 20
1.80 0.0888 0.5063 21 20
2.00 0.0766 0.5241 21 20
Table 1
Comparing the computation time and accuracy of condi-
tion (18) for small-signal stability. The unit of the quantities
Ttest and Tlin are seconds, the quantity of P̂ is dimension-
less and the quantities SM and SMappr are integers.
6 Conclusion
We studied small-signal stability of grid-tied networks
of grid-following inverters and loads. Using a time-scale
analysis and by suitable choice of a family of parameters
for the inverters, we presented an analytic sufficient con-
dition for local exponential stability. We showed that,
compared to the direct numerical simulations, this suffi-
cient condition has the advantages of reducing the com-
putational complexity of checking small-signal stability
as well as providing insights about the role of the net-
work topology and inverter parameters in stability of the
grid. Finally, using numerical simulations in MATLAB,
we studied the efficiency and range of applicability of our
sufficient condition. As the use of inverters are becom-
ing more and more wide-spread in the power grids, it
is of growing interest to understand how the interaction
among the grid-following inverters can affect the stabil-
ity and reliability of power networks. We believe that
our results in this paper is a first step toward a rigor-
ous and comprehensive analysis of small-signal stability
in low-inertia networks that consist of large number of
grid-following inverters.
A Table of variables and parameters
Table (A.1) collects the variables and their symbols for
grid-following inverter model and table (A.2) collects the
parameter values for this class of inverters.
B Pertinent Results from Linear Algebra
Here, we present a few useful results.
Lemma 13 Let A,B ∈ Cn×n, C ∈ Cm×m, and
η1, . . . , ηm be eigenvalues of the matrix C. Then the fol-
lowing conditions are equivalent:
(i) λ is an eigenvalue of A⊗ Im +B ⊗ C;
Variable Symbol Variable Symbol
PLL low-pass filter
state
vPLL Current controller
auxiliary state
γdq
PLL PI controller
state
φPLL Current controller
output voltage
vidq
PLL phase output δ Output current iodq
Power controller low-
pass filter state
save Power controller aux-
iliary state
φs
Reference power in-
jection
sref Current controller
reference current
ildq
Power controller aux-
iliary state
φs PLL Frequency ωPLL
Current in the lines ξDQ LC-filter voltage vodq
Grid voltage vgDQ Grid frequency ωg
Table A.1
Variables and their symbols for the inverter model.
Parameter Symbol Values
from [32]
Values
from [26]
Nominal grid frequency ωnom 377 rad/s 377 rad/s
Grid voltage amplitude Vg 169 V 169 V
PLL time constant τPLL 1.27e−5 1.27e−5
PLL time constant τ ′PLL 2.36e−2 4.7e−3
PLL integral time TPLL 1.25e−1 1.25e−1
Power controller dynamic
time constant
τs 1.99e−2 1.99e−2
Power controller steady-
state time constant
τ ′s 16.97 16.97
Power controller integral
time
Ts 1.00e−1 1.00e−1
Current controller time con-
stant
τc 1.70e−3 7.85e−4
Current controller integral
time
Tc 1.00e−2 1.43e−3
LC time constant τLC 2.37e−5 2.54e−5
LC time constant τ ′LC 2.37e−5 2.54e−5
Line time constant τe 1.90e−3 2.70e−3
Line time constant τ ′e 7.40e−3 1.31e−0
Table A.2
Dimensionless parameters of the inverter model.
(ii) λ is an eigenvalue of A + ηkB for some k ∈
{1, . . . ,m}.
PROOF. Using Schur’s Theorem [14, Theorem 2.3.1],
there exist a unitary matrix U ∈ Cm×m and an upper
triangular matrix H with eigenvalues of H on its di-
agonal such that C = UHU−1. Note that the matrix
A⊗ Im +B ⊗ C is similar to the matrix
(In ⊗ U)(A⊗ Im +B ⊗ C)(In ⊗ U−1)
= A⊗ Im +B ⊗H,
where for the last equality we used the identity (X ⊗
Y )(Z⊗W ) = (XZ⊗YW ). Matrix A⊗ Im+B⊗H has
15
the following block form:
A⊗ Im +B ⊗H =

A+ η1B ∗ . . . ∗
0n×n A+ η2B . . . ∗
...
...
. . .
...
0n×n 0n×n . . . A+ ηmB
 .
Thus, λ is an eigenvalue of A⊗ Im+B⊗C if and only if
it is an eigenvalue of A+ηkB, for some k ∈ {1, . . . , n}.
Lemma 14 Let Γ,Π,Ξ,Υ,Σ,∈ Rn×n and Θ ∈ Rm×m
be diagonal matrices with positive diagonal entries such
that Γ  Σ. Suppose that K ∈ Rm×n is an arbitrary
matrix with Ker(K) = {0n}, P ∈ Rn×n is a skew-
symmetric matrix, and Z ∈ Rm×m is such that Z +Z>
is negative definite. Then the following matrices are
Hurwitz:
A =

−Γ 0n×n Υ
−Σ 0n×n 0n×n
−Ξ Ξ 0n×n
, B =

0n×n −Γ 0n×n 0n×m
Ξ −Υ + P −Ξ 0n×m
0n×n Π P −ΠK>
0m×n 0m×n ΘK Z
.
PROOF. Note that the characteristic polynomial of
the matrix A is
λ3In + λ
2Γ + λΥΞ + ΥΞΣ = 0n.
Since all matrices Γ, Σ, Ξ, and Υ are diagonal, λi is an
eigenvalue of A if and only if
λ3i In + λ
2
i (Γ)i + λi(Υ)i(Ξ)i + (Υ)i(Ξ)i(Σ)i = 0.
The diagonal elements of the matrices Γ, Σ, Ξ, and Υ
are positive. Therefore, using the Routh–Hurwitz crite-
ria, λi ∈ C− if and only if (Γ)i(Υ)i(Ξ)i > (Σ)i(Υ)i(Ξ)i.
Thus,A is Hurwitz if and only if Γ  Σ. To show that the
matrix B is Hurwitz, we use LaSalle’s invariance prin-
ciple [15, Theorem 4.4]. Consider the dynamical system
x˙ = Bx, where x = (x1, x2, x3, x4)
> ∈ R(6n+m). We de-
fine the Lyapunov function V : R(6n+m) → R by:
V (x1, x2, x3, x4) =
1
2
(
x>1 Γ
−1x1 + x>2 Ξ
−1x2
+ x>3 Π
−1x3 + x>4 Θ
−1x4
)
.
Then, it is easy to check that V˙ (x1, x2, x3) =
−x>2 ΥΞ−1x2 + x>4 (Z + Z>)x4. Therefore, by LaSalle’s
invariance principle, the trajectories of the system x˙ =
Bx converges to the largest invariant set inside S =
{x ∈ R(6n+m) | V˙ (x) = 0}. It is easy to see that
S = {x ∈ R6n | x4 = x2 = 0n}. Let us denote
the largest invariant set inside S by L. Our goal is
to show that L = {0(6n+m)}. Suppose that γ : t 7→
(γ1(t), γ2(t), γ3(t), γ4(t)) is a trajectory which belongs
identically to S. Then we have γ4(t) = γ2(t) = 0n. First
note that γ˙4(t) = 0 implies that ΘKγ3(t) + Zγ4(t) =
ΘKγ3(t) = 0m. Since Ker(K) = {0m}, we deduce that
γ3(t) = 0. Moreover, we see that γ˙2(t) = 0n =⇒
Ξγ1(t) = 0n. This implies that γ1(t) = γ2(t) = γ3(t) =
γ4(t) = 0. Thus, the only invariant set inside S is
{0(6n+m)}. This implies thatB is Hurwitz, and this com-
pletes the proof of the lemma. 
C Solutions to power flow equation
Consider (12) and (13) with ŵ = −Ŷ −1red Ŷ0g.
Lemma 15 Suppose
‖D′(ŵ)Ŷ −1red (D′(ŵ))−1D′(ŝ∗)‖C,∞ ≤ 38 .
Then the following statements hold:
(i) the power flow equations (12) and (13) has a
unique solution (v̂∗oDQ, î
∗
oDQ) with v̂
∗
oDQ ∈ Ω, where
Ω =
{
y ∈ R2n ∣∣ ‖y − ŵ‖C,∞ ≤ 12‖ŵ‖C,∞} ;
(ii) for every v0 ∈ Ω, the iteration procedure
vk+1 = ŵ + 23 Ŷ
−1
red D(v
k)−1ŝ∗, ∀k ∈ N,
converges to v̂∗oDQ, where (v̂
∗
oDQ, Ŷred(v̂
∗
oDQ − ŵ))
is the unique solution to (12) and (13).
PROOF. By considering R2n ' Cn, part (i) and (ii)
are straightforward generalization of [43, Theorem 1].
One should note the fact that the nodal variables in [43,
Theorem 1] are average power injections/demands and
therefore the power flow equations has the form S = V I.
However, in this paper, the nodal variables are instan-
taneous power injections/demands and the power flow
equations read s = 32D(vodq)iodq. 
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